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Abstract: Adapting arguments from queuing theory, we investigate a mathematical model for protein pro-
duction e [ciehcy from mRNA. Our model involves six parameters: the mMRNA length, the clearance distance
a ribosome must travel from the initiation site before another ribosome can attach, the ribosomal attachment
rate, the ribosomal traveling speed along the mRNA, the mMRNA degradation rate, and the probability that
a ribosome prematurely disengages from the mRNA. The model allows for di [erknt mechanisms of mMRNA
degradation; the more complicated mechanisms postulate a functional role for the mRNA poly A tail. We
determine the probability generating function of the number N of fully formed proteins from a single mRNA.
This function yields the moments of N exactly and the entire distribution of N numerically via the finite
Fourier transform. Using biologically plausible estimates, we examine the sensitivity of protein production to
the model parameters and degradation mechanisms. Model predictions are most sensitive to the degradation
and attachment rates, two parameters which are poorly measured in vivo.
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1 Introduction

Protein production, in vivo, is a multi-step process involving (a) transcription of DNA into premessenger
RNA, (b) splicing of the premessenger RNA to create messenger RNA (mRNA), (c) translation of mRNA
into protein, and (d) degradation of the mMRNA. Geneticists have traditionally viewed transcription as the
basic determinant of the rate of protein production. Recently, evidence has surfaced suggesting that the
rate of mRNA decay is equally important in determining protein production (Jacobson and Peltz, 1999).
MRNA degrades by many mechanisms, and mRNA stability is highly variable and sequence dependent. In
vertebrates, the half-life of mMRNA varies from approximately 30 minutes to more than 4 days (Greenberg,
1972; Hargrove et al., 1991). However, it is a mistake to assume that the rates of transcription and mRNA
degradation exclusively determine the e [ciehcy of protein production. The rate of translation certainly has
an impact as well. The translation rate depends on the ribosome attachment rate and the elongation rate;
this latter rate is the ratio of the number of amino acids added to the protein per second to the number of
nucleotides in the message. The number of nucleotides can vary from fewer than 100 to more than 4000.
Finally, the translation process can end prematurely with an incomplete protein; the probability of this
happening depends on the particular mRNA sequence (Jorgensen and Kurland, 1990).

Experiments have necessarily focused on a single component of protein production at a time. Mathemati-
cal models of protein production that explicitly capture both elongation and degradation, even in a simplistic
manner, may aid in understanding the interactions between these complex forces. The current paper extends
the previous mathematical work of Singh (1996), who focuses on the shape distribution of ribosomes along
an mRNA rather than on protein production per se. The references (Beelman and Parker, 1995; Curtis et al.,
1995; Jacobson and Peltz, 1996; Lewin, 1997; Mangus and Jacobson, 1999) provide background material on
the underlying biology of translation from mRNA to protein. Our model is admittedly naive and purposely
simplifies some of the facts in order to make mathematical progress. The underlying probability calculations
adapt arguments from queuing theory (Karlin and Taylor, 1975; Karlin and Taylor, 1981).



2 The Model

The cartoon in Figure 1 illustrates our model for the process of mRNA translation. The model involves
six parameters. The first is the length | of the message, the second is the clearance distance d < | that
a ribosome must travel from the initiation site before another ribosome can attach to the initiation site,
the third is the attachment rate A of a ribosome to the initiation site in the absence of blocking by an
existing ribosome, the fourth is the speed s that a ribosome travels along the message, the fifth is the rate
| of message degradation, and the sixth is the probability p that an attached ribosome disengages from the
message before it finishes assembling its protein. By analogy to the simple single-server queuing model of
communications engineering, our model postulates that the times of ribosome attachment occur according
to a Poisson process with intensity A in the absence of blocking. If we imagine that message degradation
occurs when the message is broken, then it is conceivable that a ribosome beyond the breakpoint could still
proceed to the completion of its protein. To allow for this possibility, we assume that the break occurs at a
random point U on the interval [0, I] and that U has distribution function G(u).

Our aim here is to investigate the random number of complete proteins N that a single message generates
during its lifetime T. Both N and T are random variables. The rate of protein production boils to down to
the ratio of expectations E(N)/ E(T). In our first version of the model, T is exponentially distributed with
distribution function 1—e~Ht and density function pe~Ht. In eukaryotes, degradation of the poly A tail of the
message precipitates loss of the message. If we imagine degradation of the poly A tail as preceding in chunks
of fixed size at Poisson times, it is reasonable to assume that T has gamma distribution pPtP—te /I (B)
for some positive integer  that counts the total number of chunks.

Characterization of the distribution of N is considerably harder. In deriving this distribution, we will con-
sider an infinite sequence of independent random variables X3, X5, ... with common exponential distribution
F(x) = 1—e=%. As shown in Feller (1971) and other standard probability texts, the sum S, = Xy +-- -+ X,
of the first n of these random variables follows a gamma distribution F(M(x) = A"x"~1e=/I(n) with
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version of formula (2.1) as well. We will also need the Laplace transform E(e~%V) = d%‘of the breakpoint
U. If the break always appears at the beginning or the end the message, then d&) equals 1 or e~®',
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Figure 1: Cartoon model of mRNA translation.



respectively. If U is uniformly distributed on [0, I], then d&¢@)1= (1 —e~®")/(61).

Our strategy will be to calculate the right-tail probability Pr(N = n) by conditioning on the values t
and u of T and U. To this end, we define the time ty = d/s for a ribosome to reach the clearance distance.
The key to calculation of E(N) in the model is the simple observation that for n > 0 the event N = n is
equivalent to the event

"1
Xi+tg) +Xp+uls = t (2.3)
i=1
In other words, the nth ribosome must attach and travel beyond the breakpoint before the break occurs.
In the absence of blocking, Sp = X3 + -+ + X, is the random time at which the nth ribosome attaches.
The n — 1 summands tyq represent the time lags for the first n — 1 ribosomes to clear the initiation site.
The time u/s is the travel time to the breakpoint. Assuming the probability of disengagement p = 0, these

considerations lead to the expression
I;Iﬂ:I =
Pr Xi+tg) + Xy +uls<t
i=1

= FM[t—u/s—(n—tq]. (2.4)

Integrating this conditional probability against the product of the degradation density and breakpoint density
yields

Pr(N=n|T=t,U=u)
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in view of formulas (2.1) and (2.2). If t; = 1/s is the total travel time for a ribosome, then d@s) equals
1, e Hb or (1 —e Mu)/(uty), depending on whether U =0, U =1, or U is uniformly distributed on [0, I].
L—wG_ii/en the right-tail probability Pr(N = n), we can calculate the probabilitylgin;erating function P (r) =

m—=o Pr(N = m)r™ from the tail-probability generating function Q(r) = Z,Pr(N > n)r" via the
well-known formula

Pr) = 1-(1-rQ([ (2.6)

given in (Feller, 1968). Fortunately, straightforward algebra using the geometric series n;=0 wh=(1-w)"?!
yields
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When p > 0 and the ribosome can fall o [the message, we must modify the above expressions. The

probability generating function for the number of fully realized proteins is given by the functional composition
C 11
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n=0 m=n n
Here p+ (1 —p)r is the probability generating function that a particular ribosome that could have completed
its protein before the message degrades actually does so without disengaging from the message. To avoid
complicating our analysis, we assume that all ribosomes successfully negotiate the blocking distance before
disengaging. With this caveat, we can subscript the mean and variance by p and show that

Ex(N) = (1—p)Eo(N)
Vary(N) = p(1—p)Eo(N) + (1 —p)* Varo(N) (2.11)
by evaluating the first two derivatives of the composite generating function P[p+ (1 —p)r] at r = 1.
In eukaryotes, degradation of the poly A tail of the message generally precipitates loss of the message.
If we imagine degradation of the poly A tail as preceding in B chunks of fixed size at Poisson times, it is
reasonable to assume that T has gamma distribution pPtf~1e~Ht/[(B). To recover the right-tail probability
of N, we superscript it by 3 and dilerkntiate  — 1 times with respect to . When p = 0, this tactic yields
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For small values of 3, it is possible to carry out the indicated di [erkntiations by hand or by a symbolic algebra
program such as Maple. For larger values of B, it is preferable to extend Prf(N = n)/p and EP(N¥)/u to be
analytic functions of the complex variable p and recover their values by the finite Fourier transform (Henrici,
1979; Lange, 1999).

The same Fourier analysis tactics Wﬁwk—r_'p extracting the discrete density Pr(N = k). Indeed, any

probability generating function P(s) =  Z, pksk may be extended to the boundary of the unit circle in
the complex plane by setting

Pr*(N =n) tPLe M EM[t — u/s — (n — 1)ty]dt dG(u)

e MEM[t — u/s — (n — 1)ty]dt dG(u)

(2.12)
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This creates a periodic function in t whose kth Fourier coe LCieht px can be recovered via the finite Riemann
sum
L N |

P = P(eZTTij/n)e—ZT'[ikj/n. (215)
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In practice, one evaluates this finite Fourier transform via the fast Fourier transform algorithm for some
large power n = 2V of 2. For su [ciehtly large v, all of the coe [ciehts po,...,pn—1 Can be computed
accurately. Accuracy can be checked by comparing the numerically computed mean and variance of P (s)
with its theoretical mean and variance.

Finally, when premature termination is possible, we replace PP(r) by PB[p + (1 — p)r] and calculate the
mean and variance of N by substituting Eg(N) and for Eq(N) and Varg(N) for Varg(N) in equation (2.11)
based on the values of EE(N) and Varg(N) = EE(NZ) - EE(N )2 derived from equation (2.13).
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Figure 2: Sensitivity of E(N) to the gttachment rate A and degradation rate p. The solid line in each plot is
E(N) and the dashed line is E(N)+ Var(N). The model employed assumes U =0, B = 1, | =400, s = 10,
d = 30, and p = 0.25. The dotted lines indicate the values of A and p used in the remaining sensitivity
studies.

3 Numerical Results

Our model can be used to explore mechanisms that the cell might employ for controlling protein production.
Most likely control is exerted through perturbations of particularly sensitive parameters. To explore the
sensitivity of E(N) and Var(N) to the various parameters of the model, we varied each parameter separately
while holding the remaining parameters fixed at biologically plausible values (Christensen and Bourne, 1999;
Greenberg, 1972; Hargrove et al., 1991; Menninger, 1976; Pavlov and Ehrenberg, 1996; Pederson, 1984; Ross,
1996; Voet and Voet, 1995). Arbitrary but plausible values include an attachment rate A of 0.5 per second,
a length | of 400 codons, a speed s of 10 codons per second, a clearance distance d of 30 codons, a premature
detachment probability p of 0.25 per ribosome, and a degradation rate of p of 0.0004 mRNA strands per
second. Except where noted, we assume that the number of chunks B = 1. When all other parameters are
constant, an increase in A, B, or s leads to an increase in protein production, while an increase in d, y,
or p leads to a decrease in protein production. Because experimental values of d do not vary appreciably,
sensitivity to d is not examined here. Our model predicts that protein production is linearly proportional to
1-p. 1
The plots of E(N) and E(N) + Var(N) in Figure 2a show the sensitivity of protein production to
changes in A. Figure 2a assumes 5’ exonuclease activity (U = 0). The sensitivity of protein production to
changes in A is almost identical under 3’ exonuclease activity (U = I) and uniformly distributed endonuclease
activity. Values of A less than 1.0 per second lead to the greatest control. Once A exceeds 2.0, the expectation
E(N) is relatively insensitive to changes in A.

Figure 2b illustrates the sensitivity of protein production to changes in u for U = 0. When [ is less
than 0.0005 mRNA strands per second, protein production is very sensitive to changes in Y. For example,
increasing 1 from 0.0001 to 0.0002 roughly halves E(N). The two other models for the distribution of U
lead to virtually identical sensitivities of E(N) and Var(N) to changes in .

When the speed s is low, say less than 15 codons per second, small changes in s can also lead to relatively
large changes in E(N) (Figure 3a). In this parameter regime, the model of protein degradation matters. If
U =0, then lims_ o E(N) = (1 + u/A\)~%, while if U > 0, lims_o E(N) = 0.

Our model predicts that protein production is very insensitive to message length when p is restricted to
biologically plausible values. Examination of equation (2.8) reveals that E(N) does not depend on | when
U =0. When U =1 or U is uniformly distributed on (0, 1), protein production decays very slowly to 0.
For example in Figure 3b, E(N) drops by less than 10% as | increases from 400 to 4000 codons. When the
product pl is small, E(N) is approximately equal to (1 — p)A/u under our three models for U. In other
words, protein production does not depend on any length dependent parameters.

The e[edt of B on protein production is examined in the Figures 4 and 5. The probability distribution
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Figure 3: Sensitivity of E(N) tp-thg speed s and the mRNA length I. The solid line in each plot is E(N)
and the dashed line is E(N) + Var(N). The model employed assumes U =0, B =1, A = 0.5, 4 = 0.0004,
d = 30, and p = 0.25. The dotted lines indicate the values of s and | used in the remaining sensitivity
studies.

of N is shown in Figure 4 for = 1 and B = 5. In general, the distribution of N looks very much like
a discrete version of a gamma distribution with shape parameter  and scale parameter p. When the
per chunk degradation rate p is held constant, protein production increases as  increases (Figure 5). If
instead /B is held constant, then E(N) is invariant and Var(N) decreases as (3 is increased (Figure 5).
Most available biological estimates of p measure global mMRNA degradation and must be adjusted for the
appropriate number of poly A chunks 3 for use in our model.

0. 0025 0. 0025
= 0.002 s 0.002
= 2
3 0.0015 g 0.0015
8 8
& 0.001 & 0.001
o .
o B3 0.0005
Z 0.0005 p
200 400 600 800 1000 1200 1400 200 400 600 800 1000 1200
Number of Proteins N Number of Proteins N
@p=1 (b)B=5

Figure 4: Probability density of N with a single 3’ poly A chunk (B = 1) and with five 3’ poly A chucks
(B =5). The model employed assumes U = 0, | = 400, A = 0.5, p = 0.0004, s =10, d = 30, and p = 0.25.
Note that the function is discrete and defined only on the integers.

4 Conclusions

The simple model presented here predicts that control of protein production is primarily a function of the
degradation rate p and to a lesser extent of the attachment rate A. Regulation of degradation can be made
more precise by increasing the number of poly A chunks B while keeping the mean degradation time E(T)
fixed. This tends to decrease Var(N) but has little impact on E(N). Fine control of protein production is
almost certain to be evolutionary advantageous. The length | of the message is not a determinant of E(N).

An important short-coming of the translation model we develop is the independence between ribosome
attachment at the initiation site and translational termination. In eukaryotic cells, the poly A tail can
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Figure 5: E[edts of increasing the nui-nierli? poly A chunks B on E(N) and Var(N). The circles are
E(N) and the error bars are E(N) = Var(N). The first plot assumes the rate of single chunk degradation
is measurable and equals p = fI. The last plot assumes only the global mMRNA degradation rate (1) is
measurable and p = B{i. The model employed assumes U =0, | =400, A = 0.5, u = 0.0004, s = 10, d = 30,
and p = 0.25. Note that scales di[erl between plots.

associate with the 5’ end of the mRNA through a protein complex involving poly-A-binding protein and
eukaryotic translation initiation factor 4G (Wells et al., 1998), circularizing the mRNA. Researchers hy-
pothesize that the circularization co-locates recently terminated ribosomal subunits near the initiation site,
enhancing re-entry of the subunits into the process.

The model also involves some further mathematical compromises and several microscopic parameters
that are di Ccult to measure. For example, it would be more realistic to model premature detachment as
a Poisson process with rate v per unit length. This yields the detachment probability p =1 —e™"!. E(N)
would then depend on I. Unfortunately, the attachment rate A and the number of chunks 3 are poorly
determined. Our estimate of A is little more than a guess that makes E(N) sensitive to small changes in A.
To obtain better experimental estimates of these parameters, it might be worth looking at genes controlled
by the same operon. Message would be churned out at the same rate, but the sizes of the messages and
poly A tails would vary. As the technology of DNA microarrays improves, it will be possible to use these
devices to gain insight into cellular control of mMRNA expression levels. Coupled with better measurement
of protein concentration levels over time, microarray experiments will lay the groundwork for better, more
realistic models of protein production.
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